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PREFACE 



r This little book is intended to serve those persons who 
'^ already have some knowledge of navigation and who 
^ desire to add to that knoWledge an acquaintance with 
^ the Sumner line method of fixing the position of a ship 
C^ at sea. The reader is presumed to be familiar with such 
:>^ nautical instruments as the sextant, compass, chronom- 
eter and log as they are treated in Bowditch. (Ameri- 
y can Practical Navigator, published by the Hydrographic 
v^ Office, Navy Department, Washington.) He is also 
presiuned to know something of the Nautical Almanac 
and the instructions for its use which form an appendix, 
to each issue. (American Nautical Almanac, issued for 
each year by the Government Printing Office, Washing- 
ton.) Given these appliances and the proper skill to 
use them, the line of position, or Sumner line, is generally 
recognized as the best method for fixing the ship's place 
by observation of tie sun or stars. Actual use of the 
method seems to be hindered by a mistaken idea that it 
is complicated and difficult. On the contrary it is really 
very simple in practice, particularly if use is made of 
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IV PREFACE 

the tables issued for this purpose by the Navy Depart- 
ment. (H. O. No. 200, Altitude, Azimuth and Line 
of Position, Hydrographic Office, Washington; and the 
Useful Tables contained in Bowditch.) Presuming that 
the reader has access to such tables and to Bowditch 
for a general explanation of them, I have, for the most 
part, adopted their notation and formulae and for the 
sake ci comparison I have taken for illustrative examples 
the data given for that purpose in the 191 7 Edition ci 
Bowditch. The reader who will make the comparison 
thus suggested will find, however, certain differences of 
treatment between the American Practical Navigator 
and the present text. 

For the reader with sufficient time and sufficient 
knowledge of mathematics there is presented, in small 
type, an analysis and outline demonstration of the 
formidae and methods here employed. The reader who 
for any reason omits this part of the text will find in 
the larger type and in the illustrative examples a guide 
that will help him to use the line of position method 
with practical facility. 
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The significance of the more frequently recurring 
abbreviations is indicated below either by definition or 
by reference to explanation contained in the text. 

A = Right ascension of sun or star. 
Amp. = Amplitude. 

a= § 12. Spherical traverse table. 
5= Barometer term in the refraction. 
6= § 12. Spherical traverse table. 
c= § 12. Spherical traverse table. 
C.C. = Chronometer correction. 
C-W = Difference, chronometer - watch. 

(f= Declination. 
D.R. = Dead reckoning. 
E = Equation of time. 
£= Elevation above the sea. 
G. A.T. = Greenwich apparent solar time. 
G.M.T. = Greenwich mean solar time. 
G.S.T. = Greenwich sidereal time. 

H= Computed altitude of sun or star. 
A = Observed (true) altitude of sun or star. 
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K= § 12. Spherical traverse table. 

L= Latitude. 

Lo= Middle latitude. 
/= Longitude. 
L.A.T.= Local apparent solar time. 
L.M.T.= Local moan solar time. 

M=§§i8, 19. 

g=§25. 

Q= § 12. Spherical traverse table. 

R= Right ascension of the mean sun. 

S= Ship's true course. 

5= Distance run by ship on the course S. 
T= Longitude of sub-solar point. 
Ti=§i8. 
r= Temperature term in the refraction. 

/=Hour angle. 

Z= Bearing (true). 

2= Zenith distance =90°-/{ or 90°-H. 
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Fundamentals 



I. The main ideas that lie back of the Sumner method 
are shown in Fig. i where E represents the earth as a 
globe. At every point on the surface of this globe the 
center E Hes in the downward direction, and in the 
exact opposite direction (upward) lies a point in the sky 
called the zenith. Thus, in the figure if P is the point 
on the ocean at which our ship chances to be, the center 
E will be vertically beneath it and Z, the zenith, will be 
vertically above it. The direction of the sea horizon 
is shown (barring dip) by the line PH, which represents 
a plane tangent to the earth's surface (the water surface) 
at P. Assume that at some particular moment a star, 
or the sun, happened to be exactly overhead, i.e., at the 
point Z in the sky, the angle HPZ would be 90** and if 
we measured with a sextant the altitude of Z above the 
sea horizon we should find, after correcting for index 
error, dip, refraction, etc., a true altitude of 90°. We 
deduce from this an important relation: Whenever the 
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true altitude of any celestial body equals 90° the observer 
is on line between that body and the center of the earth. 
Always, and for every heavenly body, some point on 
the earth's surface is' on line between it and the earth's 
center and we shall call this point the sub-solar point. 
It might be a sub-stellar or a sub-lunar point but for 




Fig. I. 



practical purposes this nice distinction of names may be 
ignored. 

As will be shown later the ship's chronometer and the 
almanac enable us to determine in every case the lati- 
tude and longitude of the sub-solar point and thus tp 
fix the position of a ship whose navigator has been lucky 
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enough to observe the sun or a star at an altitude of 
just 90°. This will rarely happen and we must consider 
the ordinary case of observations that make the altitude 
less than 90®. For this purpose suppose S to be a ship 
60 miles distant from P. Since 60 miles is equal to a 
degree of a great circle on the earth's surface the arc 
PS and the angle PES will each equal 1°. The zenith 
of S will lie in the direction of TJ and the sun at Z will 
be I** of the sky distant from 2! and, therefore, 89° 
distant from the horizon of TJ, Now, so far, we have 
said nothing about the direction of S ffom P, only that 
it is 60 miles away. But whatever its direction may be 
S must lie at some point on the circumference of a small 
drde described from P as a center with a radius of 60 
miles, shown in projection by the broken line SS. Corre- 
sponding to every point of this circle there will be a 7J 
in the sky and it will be 1° away from Z, thus giving 
to Z an altitude of 89° above the horizon of S. Turning 
our proposition " the other end to " we now say that 
if we have found for the sun a true altitude of 89°, the 
ship must be somewhere on the small circle drawn from 
the sub-solar point as a center with a radius of 1°, or 
60 miles. Assume a sub-solar point, e.g., in Latitude 
20° N.; Longitude 75° W.; and with a radius of 60 
miles draw on the chart (e.g., on the frontispiece of this 
book) a circle corresponding to SS of Fig. i. The ship 
is somewhere on that circle if the measured altitude 
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was 89*, but the observation can tell no more than that. 
Just where upon the circle the ship stands must be 
found in some other way. For example, if we knew the 
true bearing of the sun at the time its altitude was 
measured we might, theoretically, reverse that bearing 
and find kom it the ship's direction, from the sub-solar 
point, as well as the distance from it. But, under ordi- 
nary circumstances such bearings are too crude to have 
much value and we must seek a better way. 

2. The sixty miles used above was only by way of 
illustration. If we turn any measured altitude of sun, 
moon or star into a true altitude and subtract this from 
90° we shall obtain the radius of a circle whose center 
is at the sub-solar point and whose circumference passes 
through the place at which the altitude was measured. 
Parts of four such circles are shown in the frontispiece, 
corresponding to altitudes of 80°, 60°, 45° and 30**, 
respectively. This frontispiece is not a Mercator chart, 
such as is commonly used at sea, and we cannot well 
draw this circle upon a Mercator chart, unless the 
radius is very small, because that chart when it covers 
large areas gives a distorted representation of them, 
and what is really a circle on the earth is turned into a 
very different figure on the chart. But, in practice, 
we are concerned only with the little piece of the circle 
that lies near the D.R. (dead reckoning) position of the 
ship and such a piece, e.g., an arc 50 to 100 miles long, 
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is fairly well represented on a Mercator chart by a rhumb 
line. We shall examine later the method for drawing 
or otherwise fixing such a line, but for the present we 
only note that it is called a Sumner line, or line of posi- 
tion, that it passes through the place at which the obser- 
vation was made and that it is a complete summary of 
all the information about that place that the observation 
can furnish. 

« 

The Sub-solar Point 

3. The first step toward finding the line of position 
consists in fixing the latitude and longitude of the sub- 
solar point, and for this purpose we must use some prin- 
ciples of astronomy. The first of these is, that the lati- 
tude of any place is equal to the declination of its zenith. 
In less technical language this means that the point 
in the sky directly overhead is as far from the celestial 
equator, in angular measure, as the observer's position 
is distant (angular measure) from the terrestrial equator. 
Since the celestial body we are dealing with, the sun, 
for example, is in the zenith of the sub-solar point we 
may find the latitude of this point by looking up in the 
Nautical .^Umanac the sun's (or star's) declination at 
the moment the observation was made. 

For this purpose we need the corresponding Green- 
wich Mean Solar Tinae (usually abbreviated to G.M.T.) 
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and this is to be found from the observed time by adding 
to the latter the difference, C-W, between the ship's 
chronometer and the timepiece actually employed 
in the observation, and further adding the correction, 
C.C., required to reduce chronometer time to Greenwich 
time. C-W must be found by directly comparing the 
watdi with the chronometer immediately before or after 
making the observation. The C.C. is to be obtained 
by bringing up to date the last known correction of the 
chronometer, using, for this purpose, the daily rate 
multiplied by the number of days elapsed. To illus- 
trate, the first of the following columns contains data 
concerning his chronometer furnished to the navigator 
before leaving port. The second column contains a 
comparison between this chronometer and his watch 
made immediately after observing an altitude of the sim. 
The third column shows the computation of the G.M.T. 
corresponding to the observation. Page 7. 

Notes. In the first column the + signs indicate that 
the chronometer was slow and losing time. The C.Q 
is found by adding to 4** 49-7* the amount lost in the 
time intervening between May 10 and May 18, i.e. 
1.2^X7.9 days. At the bottom of the third column 
the chronometer time was increased 12 hours, since 
as the day begins at noon and the observation was made 
in the morning the Greenwich astronomical date 
must have been May 17, and the chronometer hour 
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8 THE SUMNER LINE 

hand must have been in its second lap around the 
1 2 -hour dial. 

With the G.M.T. thus found we obtain from the al- 
manac the declination of the star, and call it the lati- 
tude of the sub-solar point. 

4. The longitude of the sub-solar point involves more 
complications than the latitude and for an understanding 
of what is involved in it we turn to Fig. 2. The inner 
circle here represents a cross-section of the earth taken 
through the equator, so that the north pole is shown 
projected at the center, P, and the lines radiating 
from P correspond to meridians of longitude. One 
of these is the Greenwich meridian, another is the ship's 
meridian and the angle between them, marked / in the 
figure, is the ship's longitude, reckoned from Greenwich 
toward the west. The arrow shows the direction of the 
earth's rotation about its axis, from west toward east. 
The outer circle represents a cross-section of the sky 
corresponding to the cross-section of the earth. Since 
we are concerned with the direction from the earth of 
certain points in the sky we have brought this second 
circle close in to the first one, regardless of the great 
distance that really separates them, thus making the 
relations easier to see without in any way changing 
their real character except in the matter of distance, 
with which we are not concerned. 

Of the three points represented on the outer circle. 
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V is the vernal equinox, which Bowditch calls by the 
old-fashioned name, the First Point of Aries. It is 
the starting point from which to reckon longitude in the 
sky, just as Greenwich is the starting point for the earth, 
and we may think of it as a point arbitrarily chosen, 
as Greenwich might have been chosen, by driving a 




Fig. 2. 

stake into the groimd at a particular place. A second 
point on the sky is the mean sim, MS, which is explained 
in the Nautical Almanac, and about it we only need to 
note here that while V remains nearly fixed in its posi- 
tion among the stars the mean sun moves at uniform 
speed around the sky in the direction of the arrow head, 
taking just one year to make one revolution. The. third 
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meridian on the sky, S, corresponds to the object that 
we have observed and for which n^e are seeking to find 

the sub-solar point. Supposing it to be the sun we note 

* 

that it also travels around the sky with some pecidiari- 
ties of motion but always keeping near the mean sun's 
meridia^, and that its position is fixed by ,the angle E, 
which shows how much it is east' or west of the mean 
sun. The exact value of E at any moment can be foimd 
from the Nautical Almanac, where it is called the 
Equation of Time. 

Each day the earth makes one revolution about its 
axis, carrying with it the meridians of Greenwich and the 
ship but not carrying with it the points V, S, and MS, 
since they are attached to the sky and this does not share 
in the earth's motion. A new day begins at Greenwich, 
or at the ship, whenever their respective meridians 
point toward MS and the Greenwich Mean Time, 
furnished by the ship's chronometer, shows at each 
moment of the day how far the Greenwich meridian 
has moved past MS. As the figure is drawn the chro- 
nometer ought to show G.M.T.=6 hours, since the angle 
between the two meridians is about 90°. It is convenient 
to bear in mind that of the five meridians shown in Fig. 2 
two are attached to the earth and rotate with it and 
three relate to points in the sky that do not share in the 
earth's rotation. Any terrestrial meridian makes with 
any ,one of these celestial meridians a continuously 
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changing angle which, with reference to this change, 
is called an hour angle, e.g., in the figure the angle GPS 
is the hour angle of the sun reckoned from the Green- 
wich meridian toward the west. Astronomers use 
these hour angles for the measurement of time and the 
reader will recognize the hour angle just defined as being 
identical with what is called in another connection 
Greenwich Ai^arent Time. 

It may be^seen from the figure that the longitude of 
the sub-solar point must be the angle between the merid- 
ians of Greenwich and the sun, S, since the sun is at 
the zenith and, therefore, on the meridian of the sub- 
solar point. If this angle, T in the figure, could be 
found in the almanac it would give us at once the required 
longitude. Unfortunately T cannot be so simply found. 
We must make use of some, of the other angles in the 
figure and we therefore give below the names of these 
angles with an indication of how we may find their 
neoded values: 



Angle. 


Name. 


Where to be Pound. 


M 


Greenwich Mean Time, G.M.T. 


Chronometer 


T 


Greenwich App*t Time, G.A.T. 


G.M.T. and E. 


E 


Equation of Time 


Almanac, pp. 6-29 


A 


Right Ascension (of a star, etc.) 


Almanac, pp. 94, 95, 
et al. 


R 


Right Ascension of Mean Sun 


Almanac, pp. 2, 3 


T 


Longitude of Sub-solar Point 


MH-R-A 
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Through these angles we may find the longitude of the 
sub-solar point in two different ways, one adapted to the 
sun and one to any other celestial body, e.g., the moon 
or a star, viz: 

POSITION OF SUB-SOLAR POINT 

Latitude =i= Declination of sun or star. 
Longitude=T=M+E for the sun. 

= T=M+R— Afor moon, planet or star. 

In every case the G.M.T. must be accurately foimd from 
the chronometer, with due allowance for its errors as 
shown in § 3, and the several almanac quantities must 
be interpolated for this instant. The almanac is 
arranged according to G.M.T. 

THE SUMNER LINE 

5. Suppose that the navigator of a ship in the North 
Atlantic Ocean (D.R. Lat.=40°, D.R. Long. = 27? W.) 
has measured an altitude of the sun and found it to be 
45°, at the chronometer time 10 20 . By the methods 
of the preceding section he finds for the position of the 
sub-solar point, Lat. = 20° N. Long. = 75° W., which 
is the point A shown in the frontispiece near the east 
end of the island of Cuba. If the observed altitude 
A, had been 90° it would have placed the ship at A. 
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If h had been 80° it would have put the ship somewhere 
on the small circle marked B, which is described about 
A with a radius of 90°— 80® =10®. The observation 
above supposed places the ship somewhere on the circle 
D described about A with a radius of 90°— 45^=45°, 
and the D.R. shows that the ship must be on that part 
of the circle adjacent to the letter D of the figure. For 
a distance of fifty miles or more on either side of D this 
small circle is for all purposes of navigation indistin- 
guishable from a rhumb line passed through D perpen- 
dicular to the direction D— A. This rhumb is the 
Summer line, or line of position, considered in sections 
I and 2, and we -have now to find a convenient way to 
put it on the chart. 

6. In Fig. 3 there are reproduced some of the elements 
of Fig. 2, viz., P represents the north pole of the earth 
and through it there are drawn three meridians, the 
meridian of Greenwich, the meridian of the sub-solar 
point S, and the meridian of some third point C, having 
a latitude and longitude that do not differ much from the 
D.R. position of the ship. The exact relation of C 
to the ship's position will be settled later. For the 
present it is enough to note that its assumed latitude 
and longitude may correspond exactly to the D.R. 
position of the ship or they may be something a few 
minutes different from it, if, for any reason, such a choice 
should prove more convenient. 
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We have now to deal with the spherical triangle PSC, 
and we indicate in tabular form the data we possess 
regarding it. 



Point. 


Latitude. 


Longitude 


s 


d 


T 


c 


L 


/ 


p 


QO° 


• • 




Fig. 3. 



In addition to these data, as we have already learned, the 
side SC in this triangle is the complement of the star's 
altitude as seen from C and it is so labeled in the figure. 
The other sides of the triangle are PS =90®— i, 
PC=9o®— L and the angle /=T— /. It is apparent 
that we have here more than enough data with which 
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to solve this triangle (four parts instead of the necessary 
three) and we therefore may drop (and must drop) 
some one of the four, if the triangle is to be solved by 
trigonometry. Since any one of the four parts may be 
dropped there are at least four different ways of treating 
the triangle and finding the Sumner line that depends 
upon it. In general, it is most convenient to drop the 
side SC from the data, and we shall consider only this 
case. The resulting method is frequently called that of 
Marc St. Hilaire. 

By spherical trigonometry we find from the triangle 
PSC the relation 

sin H=sin L sin d+cos L cos d cos t, 

through which we may compute the value of H corre- 
sponding to any assumed values of L and /, in connec- 
tion with the almanac value of d, i.e., we may pick 
the point C wherever we choose and find from the last 
equation what would be the altitude of the star as seen 
from that point at the instant when the real observation 
was made. If the computed H happens to agree with the 
observed altitude, A, the latitude and 'longitude that we 
assumed, L and /, belong to some point on the circle 
corresponding to D in the frontispiece, that passes 
.through the place where h was measured as shown in 
Fig. 3. A rhumb line drawn through the assumed point 
whose latitude and longitude are L, /, perpendicular 
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to the direction of S will be the required line of position. ^ 
If the computed H is smaller than the observed altitude, 
then the assumed L and / belong to a point outside the 
circle D and to find D we must go from our assumed 
point toward the star a distance equal to the difference 
between the observed and computed altitudes, a mile 
for each minute of difference. Similarly, if the computed 
altitude is too great we must go away from the star a 
mile for each minute of excess altitude and through the 
point thus found draw a rhumb line at right angles to 
the starts bearing. Tables are published by the Navy- 
Department from which the star's bearing may be 
interpolated when L, d and t are given (H.O. No. 71 
and H.O. No. 120) but as we shall see later another 
method of finding the star's bearing is often more con- 
venient in work of this kind. 

In place of the equation given above for computing 
sin H it is often convenient to use an equivalent form, 
known as the Cosine-Haversine Formula, that breaks 
the equation into parts which are easier to handle, viz.: 

hav ^= cos L cos d hav /, 
hav 2= hav ^+hav (L— (/), 
H=90°— z. 

The first of these equations is to be solved by logarithms, 
the second and third by natural numbers, and for this 
purpose the haversine tables (Bowditch, Table 45) give 
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both logarithms and the corresponding numbers. But 
note that these tables extend only to i8o°. If we 
require the haversine for any angle, /, greater than 
1 80° we must turn to the table with 360°—/ as the 
argument. 

The following example, selected from Bowditch, 
Edition 191 7, Par. 372, illustrates the application of the 
method. Form A, page 18. 

For the point C of Fig. 3 we have here used the D.R. 
latitude and longitude for L and / and find from the com- 
putation that if the ship had really been in this position 
the sun's altitude would have been 29° 50' 15", while, 
as observed, it was less than this by 11". While so 
small a difference would be of little consequence to the 
navigator, it shows not only that the D.R. position agrees 
well with the observation, but also that the true position 
is a little farther (H of a mile) away from the sun than 
is the D.R. position. The azimuth tables give for the 
bearing of the sun at the time the altitude was measured 
N. 89° 50' E. The line of position for the ship must, 
therefore, be a rhumb line bearing N. 179° 50' E. (=S 
o** 10' E.) and passing the D.R. position at a distance 
of a of a mik on the side opposite to the sun. To save 
a little interpolating, Bowditch, in solving this problem, 
uses slightly different values of L and / and gets 64" 
difference between the observed and computed altitudes 
of the sun, but his results and those above found furnish 
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the same line of position when they are plotted upon a 
chart. 

8. The' sun is the body most frequently observed for 
determining a ship^s position, but the moon, the planets 
and the brighter stars are equally available and should 
be frequently observed by the careful navigator. After 
their true altitude has been obtained the only difference 
between the required computations and the example 
given above occurs in finding T, the longitude of die 
sub-stellar point. This difference is illustrated in the 
following example taken from Bowditch, Ed. 191 7, 
p. 158, in which we follow his procedure and take for the 
assumed latitude and longitude, L, 7, convenient numbers 
that differ a little from the D.R. position. Form B. 

Note that in this example the ship and the moon are 
on opposite sides of the equator, one north and the other 
south, and that the difference that we have called L—d 
here, and in all similar cases, becomes the smn of the 
two numbers. 

The observed altitude being less than the computed 
H, the ship lies on a rhiunb line that passes the assumed 
point at a distance of 14.45 niiles on the side away from 
the moon. The tables give for the moon's bearing 
S. 145° so' E. and the direction of the rhumb is, there- 
fore S. SS"" so' E. 
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Plotting the Sumner Line 

9. It is good practice to draw the line of position upon 
some large scale chart in order to see exactly what is 
the information it gives. If no such chart is available 
it is a simple matter to construct one on the Mercator 
projection as shown in Fig. 4, wh^re we are to plot 
the Sumner line last found. The parallel vertical lines 
in Fig. 4 represent meridians of longitude 20' apart, 
and one of the horizontal lines is a parallel of latitude 
which we mark 6® S., since that is the latitude of the 
assumed point used in obtaining the line of position 
that we are to plot. To draw the parallels of 5® 40' 
and 6® 20' south latitude, as is done in the figure, may 
help the beginner, but it is not at all necessary. If 
they are to be drawn their distance from the parallel 
of 6° must be obtained from a table of Meridional Parts 
Bowditch, Table 3. Thus, in the present case we find 
for these parts: 



Latitude. 


M. Part. 


Difference. 


5 40 


338 -2 


20.0 


6 


358.2 


20.0 


6 20 


378.2 





The numbers in the Difference column show the distance 
from the central parallel in terms of the same unit that 
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is used for plotting one minute of longitude. Here 
these differences happen to be equal to the differences 
of latitude shown in the first column, because the ship 
was near the equator. In higher latitudes this equality 
will not hold true. 

After the meridians and parallel have been drawn we 
plot at P on the chart the Assumed Point, Lat. —6° o'. 
Long. 30® 27' 45" W., and draw through this point a 



3lV 



30*'40 30"20' 30 V 




-6^20' 



e'^io^ 



Fig. 4. 



line bearing S. 145® 50' E. This is the bearing of the 
moon and indicates the direction of the sub-lunar point. 
A perpendicular to this line through P is a part of the 
Sumner circle corresponding to the moon's computed 
altitude, 70° 25' 30". But since the observed altitude 
is i4.'5 less than this nimiber the ship's Sumner circle 
must have a radius 14/5 greater than the one drawn 
through P. We plot it on the map by laying off from 
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P a distance of 14.5 miles directly away from the moon 
and through the point P' thus found, drawing a perpen- 
dicular to the moon's direction. This line is marked 
I in the figure and it sums up all the information that 
the observed altitude can give about the ship's position 
" Somewhere on this line." This information is entirely 
independent of the dead reckoning and any errors that 
may have crept into it. Its accuracy depends solely 
upon the navigator, his instruments and the almanac, 
and the resulting line of position is as reliable as 
they are. 

To fix the position of the ship on the line I, the navi- 
gator observed the altitude of the moon again, a half 
hour later, and reducing it foimd another line of position 
which is plotted on the figure and marked II. If the 
ship had stood still during the half hour between the two 
observations its position would be fixed by the inter- 
section of the lines I and II, since this is the only point 
that lies on both of them. But, generally, the ship 
does not stand still and, in this particular case, the com- 
pass and log show that in the half hour it ran 7 miles 
on a true course of N. 20*^ W. To take this nm into 
accoimt we shift the line I to correspond to the ship's 
nm (by means of the dotted line indicating the direc- 
tion and amount of this run) and find thus the broken 
line I shown on Fig. 4. From whatever point on the 
full line the dotted line representing the ship's nm be 
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drawn, it will end at some point on the broken line 
and wherever the ship may have been on the full line 
it will at the end of the run be at some point on the 
broken line. The intersection of the broken line with 
II fixes the position of the ship at the time of the second 
observation, as being at the point S, in Lat. 6® 12' S. 
and Long. 30® 29' W. Its position at the time of the 
first observation could be found, if it were worth while 
by shifting the point S, 7 miles in the direction S. 20® E., 
giving Lat. 6° 18' S., Long. 30° 27' W., for comparison 
with the given dead reckoning. 

10. Some points in the treatment of these observa- 
tions call for special notice, viz. : 

(a) In order to obtain a good fix the Sumner lines I, 
II, must intersect at a large angle, the nearer to 90® 
the better, since a very acute intersection would be too 
much influenced by the small errors of observation, 
etc., that cannot be avoided. The angle between the 
lines of position depends upon the bearings of the objects 
observed and in the present case the moon, being near 
the zenith {h='jo^) changed its bearing so rapidly that 
within half an hour after the first observation it was 
available for a second one, whose line of position would 
make a fairly large angle with the first line. An obser- 
vation 10 minuted later would have been still better, 
and for bodies at lower altitudes, e.g., 20®, 30®, 40°, 
a correspondingly longer time must separate the two 
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observations. The general principle is, make the 
difference between the bearings of the observed objects 
ds nearly equal to 90® as can be done without prejudice 
to other needs. When possible observe two different 
bodies, e.g., sun and moon, with as little interval as 
possible between times and thus avoid the uncertainty 
of shifting the first linp of position to correspond to the 
ship's D.R. run during a period of several hours. Learn 
to observe stars in the twilight, since, they offer special 
opportunities for obtaining two or more lines of position 
at nearly the same time, (b) The observation plotted 
in Fig. 4 was made in the tropics, and on the chart a 
minute of latitude is very approximately equal to a 
minute of longitude. In higher latitudes this is not true 
and the spacing of the parallels of latitude by means of 
the meridional parts must be carefully attended to. 
This spacing in latitude furnishes the scale of miles with 
which to lay off both the ship's run and the difference 
between the observed and computed altitudes. Minutes 
of longitude must not be used for this purpose unless 
the distances are first changed in the manner used for 
turning departures into minutes of longitude. If they 
are thus changed there is no need for drawing more than 
one parallel of latitude on the chart. 

(c) In Fig. 4 the lines of position were derived from 
observations of the moon, but either of them might 
equally well have been found by observing the bearing 
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of some terrestrial object whose place upon the chart 
can be identified, e.g., a lighthouse if one were in 
sight. Plot, this object on the chart and through its 
position draw a line having the given (true) bearing. 
This gives a line of position upon which the ship must 
have been at the time the bearing was taken. 

Intersection of Sumner Lines 



II. While it is always instructive to plot the lines of 
position and actually to find their intersection on the 
chart, it is often convenient to supplement this pro- 
cedure by a purely arithmetical method of finding the 
ship's position. Bowditch gives such a method involving 
the use of special tables, but it is quite possible to dis- 
pense with these and use only a traverse table for this 
purpose. 

To develop a method of this kind we resort to analytic 
geometry with the following notation: 



Data. 


First Obs. 


Second Obs. 


Lat. of Assumed Point 


Li 

h 

Hx 

Zi 

s 
d 


u 


Lone:, of Assumed Point 


k 


Observed (true) Altitude of Star 

Computed Altitude of Star 


h2 
Ha 


Computed Azimuth of Star 


Za 


Ship's true course between observations 
Distance run between observations 
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All of these quantities are known and from them we have 
to find L and /, the latitude and longitude of the ship at the 
time of the second observation. 

The equation of any straight L'ne at right angles to the 

azimuth Z, is 

X sin Z+y cos Z=/>, 

where /> is a constant whose value depends upon the particular 
line in question and upon the axes of reference. If we assume 
a system of coordinates in which the origin is at the point 
L, /, and in which x is positive toward the east and y toward 
the north, and, in this system identify Z with Zi we shall 
find for the first line of position 

Z=^i Pi^hi — Hi. 

Similarly for the equation of the second line of position referred 
to the point L2 As as origin, 

S = ^2 Pi^^hi — H2. 

To allow for the ship*s run between observations i and 2, 
we shift the first Sumner line parallel to itself in the direc- 
tion S for a distance of d miles and find for the new line, 

Z=Zi />i=Ai-Hi+rf cos (Zi-S). 

If we refer the shifted Sumner line to the point L2 /j as origin, 
Pi will be again changed by the addition of terms depending 
upon Li— L2 and /i— /2, viz:. 

^"/fi— Hi+rf cos (Zi— Si)+(/i— y cos Lo sin Zi— (Li— L2) cosZi 

where Lo= J(Li-|-L2) is the middle latitude of the two origins. 
The transformations which have given this last value of pi 
are what was needful to make simultaneous the two equations 

X sin Zi+y cos Zi=^, 
X sin Zj-j-y cos Zi=^, 
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and if we solve these equations the resulting x and y will be 
the coordinates of the intersection of the lines of position 
referred to the second assumed point, L2, 1% as origin. This 
solution furnishes 

y sin {Z%—Zi)—p\ sin Zj— ^ sin Zi, 
X sin (Z2— Zi) = ^ cos Zi—p2 cos Zi. 

In the last of these equations the sign of x has been 
changed so that a positive value 'of x now denotes an 
increment of longitude toward the west. Since all of 
the terms entering into these equations are of the forms 
tabulated in the traverse table we may use such a table 
to find X and y and a convenient scheme for this purpose 
is shown below in Form C. Each line of this form 
includes one or more terms of the preceding equations 
designated for convenient reference A, B, C, etc., 
and arranged in accordance with the column of the 
traverse table in which they are to be found. Similarly 
arranged under the designation of other columns of the 
traverse table are to be found the known quantities 
needed for finding the A, B, C, etc., from such a table, 
e.g., in the l&rst line, with the middle latitude Lo as a 
course and the difference of longitude, in minutes, as 
a Distance we find in the Latitude column of the traverse 
table the value of k and enter it in the Latitude column 
of Form C. In the third line of Form C this value of 
k becomes a Distance which, associated witti Zi+90*^ 
as a course, gives B in the Latitude column of the traverse 
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table, etc. As a guide to the use of the form, quantities 
that are to be used as arguments for the table are marked 
with a *. 

The algebraic sign of each latitude and departure 
must be carefully heeded, as shown in the following 
table: 

TABLE OF SIGNS 



Course. 


+ Distance. 


— Distance. 












Lat. 


Dep. 


Lat. 


Dep. 


o ^ go 


+ 


+ 


— 


— 


go --180 


— 


+ 


+ 


— 


180 —270 


— 


— 


+ 


+ 


270 —360 


+ 


" 


^^^ 


+ 



To illustrate the use of Form C we take the following 
data for the lines of position plotted in Fig. 4 and fill 
in, step by step, the several lines of the form: 



Observation' 


I. 


L. 


Z!! 


h-H. 


Ship's Run. 


First 

Second. . . . 
DiflFerence.. 


30** 27/8 
30 0.0 
+27.8 


-6° 0' 

—6 20 

+20 


34° 10' 

325 SO 
291 40 


-I4.'S 
+22.6 


s, 340° 

df 7 miles 



Tlie ! ! in the Z colunrn is a reminder that the upper line 
is to be subtracted from the lower line in this place only. 
AU bearings are here represented as true azimuths 
reckoned from N. toward E.: 
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^ Compare with the results obtained from Fig. 4. 

The computation given in Form C contains all of the 
operations that can be required in any case. It may 
often be shortened through one or more terms becoming 
zero. In the present case, if the navigator in reducing 
the second observation had chosen the same assumed 
point as for the first observation we should have found 
/i— /2=Li— L2=o and the first three lines of the com- 
putation would have disappeared. Let the reader trace 
out for himself the consequences that result from the 
sxm being squarely abeam at the first observation, and 
show that in this case the fourth line of the computation 
vanishes. * 

The Spherical Traverse Table 

(Altitude, Azimuth and Line of Position, 1917, Price 
60 cents.) 

12. In its publication No. 200 the Hydrographic 
Office, U. S. Navy, publishes certain tables to facilitate 
the use of the line of position at sea. Of these Table VI, 
Aquino's Spherical Traverse Table, deserves special 
mention. As the name indicates, this table bears toward 
spherical triangles much the same relation that the ordi- 
nary traverse table bears to plane triangles, i.e., the one 
gives by the aid of interpolation the solution of all possible 
right-angled plane triangles, while the other gives simi- 
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larly a solution of all possible right-angled spherical 
triangles. Like the plane traverse table the spherical 
table consists of four parts (or five) so tabulated that 
when any two of them are given the others may be foxmd 
by interpolation, but in the spherical traverse table the 
parts are indicated by letters instead of names. The 
relations of the one table to the other may be seen from 





B Departure C ^ Equator 

. ' Fig. 5. 

Fig. 5, where a plane triangle is compared with a spherical 
triangle, ABC, having one of its vertices at the north 
pole of the sphere A. In this figure the equator is also 
drawn, 90® distant from the pole. Note that in the 
figure and also in the corresponding table two sides of 
the spherical triangle are replaced by their complements, 
i.e., the distance from the equator to the vertices B 
and C. 
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Aquino's table is a modification of, and in sonie respects 
an improvement upon, an earlier one issued by Sir 
William Thomson, whose notation is followed in Fig. 5. 
Aquino and the Hydrographic Office employ a multiple 
notation that may be compared with that of Thomson 
as follows: 



Thomson. 


Hydrographic Office. 


a 


a 


or d 


b 


b 


B / 


9o*»-6 


c 


C 


K 


k 


d a 


Q 


z 


t b 




a 


/3 



In what follows we shall adhere to Thomson's notation 
as being simpler and, on the whole, more convenient for 
use even with the Navy tables. We add to it, however, 
the part c=go^^b for which Thomson uses no symbol: 

The following mathematical relations among the parts of 
the spherical ttiangle ABC of Fig. 5 depend upon the funda- 
mental formulae of spherical trigonometry: 

sin K = cos a sin 6=cos a cos c, 

tan Q=tan a sec 6= tan a cosec c, (D) 

tan a=cot Q cosec K=cot 6 cosec a. 

Wherever we encounter equations of this type, we may inter- 
pret them as belonging to a right-angled spherical triangle 
and we may solve that triangle by the Aquino tables regard- 
less of what its parts stand for or how they are related to the 
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particular triangle shown in Fig. 5. As in die plane traverse 
table, so also here, we may use any two parts of the triangle 
to find the others; thus, instead of finding K and Q when 
a and b are given we may equally well find b and Q from known 
values of a and K, etc., or similarly for any other combina- 
tion of data. But it b well to note in this connection that 
the numbers in the a column of the spherical traverse table 
issued by the Hydrographic Office correspond strictly to 
the middle one of the three values of a printed on each page 
o| the table and if they are used in connection with any other 
value of a the result may be in error by a considerable frac- 
tion of a degree. 

One or two examples will serve to illustrate the uses 
of the spherical traverse table, and in these examples 
we shall mark with a * known quantities whose values 
are to be used as data in determining the unknowns. 

13. Bowditch, Ed. 191 7, Par. 348. Find the ampli- 
plitude of the rising or setting sun from the data, 
Lat. = ii® 20' N., Declination i 22° 32' N. Bowditch's 
formula for this case is equivalent to sin Declination = 
cos Latitude X sin Amplitude, which we write in abbre- 
viated form, 

sin d=^cos L sin Amp. 

This corresponds exactly with the first of Equations D 
if we identify J, L, and Amp. in the one as being the 
quantities represented in the other by the gene:ral 
symbols K, a, b. Turning to the spherical traverse 
tables we use this identification as follows: 
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a 
b 
K 



♦L =11*^30' 
•Amp. = 23 I 
*d =22 32 



The meaning of these figures is, that we turn in the 
tables to the one marked a=ii° 30' and running down 
the K column, since our other datum d has been identi- 
fied as a K, find by interpolation a value 23° i' in the 
b column that corresponds to 22® 32' in the K column. 
This interpolation is made easy by the number 1.03 
printed adjacent to the value of d, in the column marked 

60 

— . This niunber indicates that each minute of change 

in the K colunm corresponds to 1.03 minutes change 
in the b column. 

Strictly speaking the value of the amplitude here found 
does not correspond to our data, siace we have used in 
the table L= 11® 30' instead of 11** 29'. There are vari- 
ous ways of dealing with this discrepancy, the simplest 
of which is to assinne tliat for our immediate purpose 
it is of no consequence. In fact, the value 23° i' agrees 
exactly witb the computed result given in Bowditch. 
A belter method is through double interpolation, i.e. 
making another computation with L= 11** o', from which 
we should find Amp. = 22® 59' and interpolating between 
this value and 23° i' for the required amplitude corre- 
sponding to L = 1 1 ° 29'. Another and still better method 
will be considered in a later section, but we note here 
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that, for many problems, it is quite permissible to 
choose the table in which a is most nearly equal to the 
given L and adopt the results obtained from it without 
regard to their possible error. 

14. Bowditch, 191 7, Par. 372. A navigator desires 
to get a time sight by observing the sim when it bears 
due east. How long before local apparent noon must 
the observation be made and what will the altitude be? 
The formulae are 

tan L = tan <f sec /, 
sin (90°— A) = cos d sin /, ' 

where / denotes the required time interval (hour angle) 
h is the corresponding altitude, and L and d denote 
latitude and declination. These equations are of the 
form given imder Eq. D, but since there are two of them 
we make two solutions, using Bowditch's data with d 
changed to the nearest half degree to avoid cross inter- 
polation. The work may be arranged as in Section 13. 





I. 


2. 


a 
b 
K 

Q 


*(i=i9" 30' 
/=66 24 


*d =19^30' 
*/ =66 24 
90-A=59 45 


*L=4i 30 



Local Appt.Tiine=36o°-/= 19*^ 34°* 24^ 
Altitude =A=3o® 15'. 
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The two equations have here been solved in separate 
columns for the sake of illustration, but all of the quanti- 
ties relate to one triangle and so far as results are con- 
cerned we might equally well have written go°—h 
opposite K in Column i and suppressed Column 2 
altogether. Note that / has been used as a negative 
number corresponding to an earlier hour than apparent 
noon, and has been subtracted from 360° and con- 
verted from arc into time to obtain Local Appt. 
Time. 

15. In Section 8 the navigator desired to know the 
bearing of the moon and used as data for this purpose, 
its measured altitude, 70° 11', its declination lo*' 3', 
N., and its D.R. hour angle /= — 11° 15'. With these 
data he found from the special tables (Bowditch, Par. 
372) azimuth =N. 34° 10' E. The formula for this 
purpose is 

cos L sin Z= cos d sin t, 

whidi may be reduced to the forms given under Eq. D 
by writing it, 

cosd sin /=sin K, 

cos L sin Z=sin K. 

As before, we round off d and h to the nearest half degree 
and find Z through the following form: 
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I. 


2, 


a 
b 
K 


*d lO^ o' 

*t 11 IS 
K II 5 


*h 70' 0' 

Z 34 10 

♦K 11 5 



The resulting value of Z agrees exactly with Bowditch's 
and it appears probable that he also simplified the data. 
A more rigorous procedure would be to use accurate 
values of d and H, i.e., the computed altitude, and find 
from them Z=34° 59'. But this would involve double 
interpolation and the resulting gain would be small. 

16. We take as a final illustration Bowditch's identi- 
fication of an unknown star (Par. 393, Ed. 191 7). The 
data are 

Feb. 26, 1916 

D.R. Lat 35 20' N. 

Alt 31 30 

Bearing N. 75" W. 

L.M.T 6^ 20" p.if. 

Bowditch's equations can be written in the form: 



tan M = tan h sec Z, 
sin K=cos A sin Z=cos (f sin^, 
tan T^tanisec^ 
T-9o**+Lat-M. 
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The solution is as follows: 





X 


2 


a 


*h 31' 


30' 


d 28** 


45' 


b 


*Z IS 


. 


/ 69 


30 


K 


K SS 


27 


*K 55 


27 


Q 


M 67 


6 


*T 58 


14 




90+1.= us" 


20' 







The decfination and hour angle d and /, are here obtained 
from the spherical traverse tables with K and T as argu- 
ments and with only a guess made in place of accurate inter- 
polation of them. This crude process is, however, sufficient 
for the purpose and by Bowditch's formulae we find for the 
position of the star 

RA.=L.M.T»-hR.A.M.S.-/=o*» 4"* . Dec.=rf=28**4s'. 

These quantities are sufficiently close to the coordinates of 
a Andromedae, R.A.=o** 4^7*, Dec. =28** 28', to identify 
the body with that star. 

The reader should note that in all of these illustrations 
the printed form i^ not a mere tabulation of results. It 
contains every figure that need be written down in the course 
of the computations. 

K Intespolation 



It is pointed out in Section 13 that the quantity ap- 
pearing in the spherical traverse table under the heading 

— is a useful aid in interpolating when a number is to 
A 
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be found in the i or c columns corresponding to a given 
number in the K column. A corresponding service is 

rendered by the numbers marked — - when the given 

60 

number is in the 6 or c coliunn and the required niunber 

is to be found in the Q column. A third case, of less 

frequent occurrence, is that for which the given number 

is in the K column and the required number in the 

Q column. Here the excess of the given number over 

60' 
the nearest tabular K is to be multiplied by both — 

A 

A 
and — - and the product added to the tabular Q, Using 
60 

the table headed a =39° o' all of these processes are illus- 
trated below. The symbols Kb-p, etc., indicate that 
the given quantity is in the column K, the required 
quantity is to be foimd in the b column, and that the 

tabular ^ or A are to be used a^ multipUers, p, or 

A 60 ^ r- r 

divisors, q; pp indicates a double multiplication. After 
a little experience it should be possible to perform these 
operations " in the head." 
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The Sumner Line 

Marc St. Hilaire method with the Spherical Traverse 
Table. 

17. In Fig. 6 there are reproduced, sifbstantially as. 
in Fig. 3, the north pole P, the equator, the sub-solar 
point S, and the dead reckoning position of the ship, D.R. 




Fig. 6. 



Also, C is an " assumed point," somewhere near D.R. 
but so chosen that for the point, B, where the meridian 
of C comes nearest to S, the distance between S and B 
shall be an integral number of degrees (or half degrees). 
This shortest distance is represented by the arc K, 
which evidently makes an angle of 90° with the merid- 
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ian of C. We are going to use it as an a in the spherical 
traverse table and it is made an exact multiple of 30' 
in order to avoid double interpolation. 

The distance of C from the sub-solar point is repre- 
sented by 90°— H, and, in accordance with a previous 
sffction H is the altitude of the sim (or star) as seen 
from C. 

The angle at C between^? and S is clearly the bearing 
of the sun as seen from C, and we shall represent this 
bearing by the letter Z. The points P, S, C and B 
are of fundamental importance for our purpose, and their 
latitudes and longitudes will be represented as follows: 



Point. 


Latitude. 


Longitude 


S 


d 


T 


c 


L 


/ 


B 


D 


/ 


P 


QO° 


• • 



Note in the figure that L and D are the distances of C 
and B from the equator and that the arc of the meridian 
included between C and B is M=D— L, or M=D+L 
if B and C happen to fall on opposite sides of the 
equator. v 

In Sections 6 and 7 we solved the triangle PSC by logarithms, 
found H and Z, and from them in Section 9, plotted the line 
of position. We have now to reach like results through the 
spherical traverse table, and it is for this purpose that the 
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arc K has been drawn, dividing PSC into two right-angled 
spherical triangles PSB, BSC. Applying to these triangles 
the fundamental equations of spherical trigonometry we 
find 

For PSB For BSC 

cos K sin D = sin d cos H sin Z=sin K 

cos K cos D = cos (/ cos / cos H cos Z=cos K sin M (E) 

sin K— cos (f sin / sin H^'cos K cos M 

Since K must always be less than 90® these equations com- 
pletely determine K, D, H, and Z when d, t and L are given, 
but they are not adapted to use with the spherical traverse 
table; they are not wholly of the mathematical form upon 
which that table is based. To secure that form we rearrange 
and reconstruct them (by division) as follows: 

Triangle PSB Triangle BSC 

sin K= cos (2 sin/ M = D±L 

sin rf=cos K sin D sin H=cos K cos M (F) 

tan /=tanKsecD = tanTi tan Z=tan K cosec M 

These last equations are included within the traverse 
table forms given in Section 12, Eq. D, and they may, 
therefore, be solved by such a table. Before proceeding 
to the solution, however, we introduce the following 
precepts to take the place of information that has been 
covered up in transforming our equations from the 
Form E to Form F, and also to take into account the 
fact that the traverse table does not extend to values 
of ft or c greater than 90°. 
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^ Precepts 

i8. I. From the^G.M.T. and the D.R. longitude find 
Hjn approximate value of the angle marked / in Fig. 6, 
/=T— /, and transform this by whichever one of the fol- 
lowing formula will give a value of /i between o° and 90°. 

= 180"*-/ 
= f-i8o° 
= 360^-/. 

II. When ship and star are on opposite sides of the 
equator, one north and the other south, or when / lies 
between 90° and 270° use M = D+L. In all other cases 
use M = D— L. 

III. The latitude of the " assumed point " C, is of 
course, L. Its west longitude is as follows: 

When the star bears West /=T-Ti, 
When the star bears East / = T+Ti. 

IV. The computed bearing of the star, Z, is to be 
counted, east or west, from the elevated pole when 
/ falls between 90® and 270°, and also when ship and star 
are on the same side of the equator and D is greater 
than L. In all other cases count Z from the depressed 
pole, i.e., from south in the northern hemisphere. 



I 
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These precepts cover all cases of algebraic sign that 
can arise in use of the tables for obtaining lines of 
position and, after they have been properly ' applied, 
no heed need be given to any question of plus or minus. 

19. In illustration of the preceding sections we resume 
the data given in Section 7 and proceed to its reduction 
as follows: 

A.M. Observation of the Sun 

T=326°39' (/=i9°3i'N. 

/=293 2 L=4i 33 N. 

^=29*^ so' 

The formulae applicable to this case are (Eq. F) : 

(I) 
sin K=cos Jsin / 
(2) (3) 

sin (f=»co3 K sin D sin H=cos K cos M- 

tanTi=tan K secD tan Z = tan K cosec M 

M=D±L. 

With reference to these equations Form D has been 
constructed, its several coliunns representing corre- 
sponding groups of the equations here giyien. 

In Fig. 6 the sub-solar point S, and the sim are shown 
west of the ship^s meridian while, in the morning obser- 
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vation, here considered, they must have been east of 
it. The difference between the two cases is bridged, in 
accordance witjb Precept I, by putting /i =360°— 293° 2' 
= 66° 58'. Introducing /i and (/ into the first columnof 
Form D we fiiid without interpolation and to the nearest 
degree (or half degree) only, K=6o°. Reference to 
Fig. 6 will show that this procedure finds for us a merid- 
ian, PC, that passes somewhere near the D.R. position 
of the ship and which, at its nearest approach to the 
sub-solar point is distant from the latter an exact 60°. 
This is the " still better method " referred to in Sec- 
tion 13. 

In Column 2 we next utilize this value of K in connec- 
tion with d (marked with a * to indicate that they are 
the data) to find D and Ti. Precept II shows that, in 
this case, M=D— L. In order to put the point C near 
to the D.R. position of the ship L must be approxi- 
mately equal to the D.R. latitude, but there is no need 
to make it exactly equal. It is convenient to use a 
slightly different value so chosen as to make M an integral 
number of degrees and thus avoid some interpolation 
in the last column of the computation. 

In Colunm 3 with K and M as arguments we read, 
without interpolation, from the same opening of the table 
used in Colunm 2, the altitude H and bearing Z of the 
sim'as seen from the " assumed point." 

In accordance with Precept III this assumed point 
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is in latitude L=4o*' 55' and longitude /=T+Ti = 
33° 24' W. In accordance with Precept IV the sun's 
bearing, Z, is to be reckoned from the north and since 
it must clearly be east at an a.m. observation we have 
Z=N. 89^25' E. 



FORM D 





I 


2 


3 


a 
h 


% 66 58 


*K 60° 0' 
D 41 55 


*K 60° 0' 


c 


*M I 


K 

Q 


K 60 


*d 19 31 
Ti 66 45 
L 40 55 


H 30 
Z 89 25 
h 29 50 





"The line of position may be plotted as in Section 9 
and for this purpose the observed h is introduced at the 
foot of Column 3, showing at a glance that A— H= — 10'. 

The reader will find it a profitable exercise to put 
L = 4i° 55' in the second colimin of Form D and with 
this value to recompute Colimin 3. Plot on one piece 
of paper the line of position found from this computa- 
tion, the one found in Form D, and the one derived in 
Section 7, and note how near they come to being one 
and the same line. 

20. Check. When there is reason to suspect the presence 
of an error in the reduction the navigator will desire to 
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" check " the accuracy of his work either by a duplicate 
computation or by some shorter method such as is shown 
below. Equations E ^ontain information that is not com- 
pletely reproduced in Equations F and we may use this excess 
information as a control upon the results obtained from F, 
Thus, from the first and last equations of E we obtain through 
multiplication by cos M and sin D, respectively, 

sin d cos M=cos K sin D cos M=sin H sin D. 

It appears from this equation that after we have found 
D, M, and H from the spherical traverse table these values 
must satisfy the relation 

sin (f cos M=sin H sin D. 

This relation may be worked out from the traverse table as 
is illustrated in the following section, or, we may use logar- 
ithms (four figures are enough) as follows: 



siad 
cosM 

sinx 



9 5239 sinH 

9 . 9999 sin D 



9.5238 sinx 



9.6990 
9.8248 



9 5238 



21. The agreement between the two values of sin x 
here computed is a sufficient check upon the accuracy of 
the computation. If, however, sin x proved to be a very 
small number, e.g., a logarithm with 7 for a character- 
istic, it might be necessary to look up the angle x and 
use it as a criterion. The difference between the two 
values of x ought not to exceed i' or 2'. 
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Note that the check furnishes a control only upon the 
traverse table work. It will not detect an error in the 
data of that work, e.g., such as would arise from placing 
latitude or declination upon the wrong side of the equator 
in applying Precepts 11 or III. Such an. error will, 
however, usually produce a gross discordance between 
the observed and the computed altitude or bearing and, 
if such a discordance exists when the check relation is 
satisfied, the navigator may safely conclude that the 
error lies in his data. 

22. In further illustration of the use of the tables we 
resume the data of Section 8 and reduce it as follows: 



FORM D' 





I 


2 


3 


a 
b 


*d io° 3' 
% II IS 


*K 11° o' 
D lo 14 


*K 11° 0' 


c 


*M 17 
H 69 50 

Z 33 37 . 
h 70 II 


K 
Q 


K II o 


*d lo 3N. 
Ti II 10 
L '6 46S. 





The reader should, for himself, apply to this case the* 
Precepts I, II, III, IV, Section 18, and determine their 
relation to the case. 

The check relation, Section 21, may be put in the fol- 
lowing form: 
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Check 



a 


*M 


17** o' 


*9o-H 20** lo' 


b 


*d 


lo 3 


*D lo 14 


K 


X 

% 


9 37 


X 9 36 



I 

The agreement between the two values of « is sufficient. 

Compass Bearings ^ 

23. It is good practice to take the compass bearing of 
a star at the time its altitude is measured, since this gives 
not only an additional control upon gross errbrs in 
deriving the line of position but also furnishes a control 
upon errors in the compass itself. The observed bear- ' 
ing, corrected for variation. and deviation, ought to agree 
with the computed bearing of the star as seen from the 
point actually occupied by the ship. In general, this 
last bearing will differ a little from the Z computed for 
the assumed point, as in Form D', but this difference 
may often be ignored, e.g., when the actual position of 
the ship is within a few miles of the assumed point or 
when it li^ near the line going from the assumed 
point to the sub-solar point. Sometimes, however, this 
difference in bearings must be taken into accoimt and 
sometimes, also, it is desirable to compute the true 
bearing of the sim or a star from an assiuned posfti^i} 
of the ship, as in swinging ship to determine compa^^ 1. 
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errors. Both of these needs are covered by the following 
equations and Form E which is based upon them: 

sin K=cos(/ sin <i sin A=cosKcosM 

tan D = tan d sec ti tan Z*= tan K cosec M 

M=D±L 

Note that in each group of equations all of the quantities 
involved belong to the same triangle and any two of them 
are sufficient to determine the remaining two. We shall 
take^ advantage of this fact to eliminate D and M from the 
solution in Form E. 

To illustrate the computation of a bearing we assume 
the data of Section 8 and inquire the true bearing of the 
moon as seen from the second position of the ship, 
which was found in Section 9 to be L=6° 12' S., 
/=3o° 29' W. With T=i9° 13' we find /i=n° i6' 
and the solution now becomes: 

FORM E 



a 
b 
K 

Q 


*d 

% 
K 


lO** 

II 
II 


3' 
16 

•6 


*K 11'' & 


*h 70 II 
Z 34 32 





This value of Z " from the ship " should be compared 
^^5^4 the values found in Sections 8 and 21, as seen from 

» " " i t i 

) - Ihe.*" assumed point." 
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Horizon Observations 

24. While the observation just considered is an excel- 
lent one for fixing the ship's position, the altitude is 
distinctly imfavorable for determining the error of the 
compass. This is best done from observations of a body 
near the horizon, e.g., from the rising or setting sun. 
Theoretically the observed time of rising or setting of 
any celestial body corresponds to an observed altitude 
of 0°, which we may correct for refraction, dip, etc., and 
obtain from it a true altitude and a line of position. 
Although recommended in certain cases by competent 
authority this contribution to a "fix" for the ship is 
not much used, because of a tradition that " the refrac- 
tion at low altitudes is very uncertain." While this 
statement is, in a sense true, it seems that undue stress 
has been placed upon the word very and that, under 
ordinary conditions, an observation of a star's rising 
or setting (sunrise, sunset) may contribute something 
worth while toward a " fix " as well as toward the com- 
pass error. 

For this purpose we need to know the star's true 
altitude at the moment when it appeared to be at the 
sea horizon. This altitude is really a depression, since 
the object then is actually below the true horizon, and 
the amount of this depression depends in a complicated 
fashion upon four different elements, viz., i. Dip of the 
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horizon. 2. Refraction, involving temperature and 
barometric pressure. 3. Semi-diameter. 4. Parallax. 

The refraction tables in Bowditch and other manuals 
of navigation are ill adapted to deal with this case. 
They require awkward extrapolations and the results 
thus reached do not agree well with the modem tables 
of refraction. I have, therefore, constructed from 
Radau's elaborate tables (Annales de TObservatoire de 
Paris. M6moires, Tome 19) a simplified table which, 
under all conditions likely to be met at sea, reproduces 
the Paris refractions within a small fraction of a minute 
of arc, i.e., within less than the imcertainty inherent 
in the Radau values themselves. Since the dip must be 
taken into account as an argument in properly com- 
puting the refraction, its value is included in the table, 
which gives a combined correction for Dip and Refrac- 
tion depending upon the three quantities. Temperature 
of the air, in degrees Fahrenheit; Barometric Pressure, 
in inches; Height of the eye from the sea, in feet. With 
these three arguments interpolate the corresponding 
quantities T, 5, and E from the table and their sum 
will be, in minutes, the depression of a star below the 
true horizon at the instant when it appears to touch 
the sea. For the sim's center T+B+E may also be 
taken as the true depression, when both the upper and 
lower limb are observed and the mean of the times taken. 
When only one limb of sim or moon is observed we may 
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obtain from the almanac the corresponding semi- 
diameter S.D., and horizontal parallax H.P., and put 

True Depression = 

r+J5+£~(H.P.-S.D.) for the upper limb. 

r+5+£-(H.P.+S.D.) for the lower limb. 

While this equation holds true for both sun and moon 
the sun's H.P. is so small that usually it may be neglected. 
For the moon, on the contrary, the H.P. is of dominant 
importance and the parentheses containing it will often 
be greater than T+B+E, giving a negative result that 
shows the body to be above the true horizon at the 
moment when the edge appears to touch the sea. 

(TABLE OF HORIZON CORRECTIONS 

REFRACTION-f DlP= r-f 5-f -E 



T 
Temperature. 


B 

Barometer 
at Standard Temp. 


E 
Height of Eye. 


'°Fah. 


/ 


Inches 


/ 


Feet 


r 


o 


12. 1 


28 


27.0 





0.0 


20 


9.1 


29 


2^.2 


20 


5.4 


40 


6.4 


30 


29. S 


40 


7.6 


60 


4.0 


31 


30.7 


60 


9.4 


80 


1.9 




■ 


80 


10.8 


100 


0.0 






ICO 


12. 1 
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For example, the moon's lower limb was observed to 
touch the sea horizon on Aug. 15, 1918, at G.M.T. 
ii** 44™ 30'. The temperature was 65° F., barometer 
30.15 in., eye 22 ft. above the sea. To find the corre- 
sponding true altitude of the moon's center we take from 
the Almanac, H.P. = 55.'5, S.D.= i5'.i and find J, 5, E 
from the table as follows: 



T 


3'.S^ 


B 


29 .7 


E 


5.6 


Sum 


38 .8 


H.P+S.D. 


70 .6 


Altitude 


32 



The doubtful element in this result is the first term, T, 
depending upon the adopted temperature, which may be 
considerably in error on account of abnormal conditions 
in the atmosphere. The presence of such conditions may 
be suspected when the temperature of the air fluctuates 
rapidly, " streaks of hot and cold," or when thhre is 
a wide difference between the temperature of air and 
sea. It is with reference to such possibilities that the 
refraction at low altitudes is uncertain to such an extent 
that fractions of a minute, or sometimes w^ole minutes, 
have little meaning. 

25. As seen from the ship a celestial body at the 
moment of rising or setting has a true altitude that 
differs but little from zero. At the same moment, as 
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seen from some other point not far from the ship, its 
true altitude will be exactly zero, and it simplifies the 
reduction of the observations to identify this other point 
and use it as the " assumed point "in our computations. 
For this purpose we return to Eq. E, Section 17, and, 
making the true altitude H, equal to zero, find the fol- 
lowing consequences to the other quantities and their 
relations one to another. 

The subscript is introduced to show that tiiese relations 
hold only when H=o. 

When H =0** cos Lcos Zo=sin(f, 

Mo=9o** tan L cosec Zo— tan 9, 

Zo=K tan L sec To= -cot d, (H) 

Do = 9o®=t L cos L sin To = cos q. 

In these equations q is the complement of the star'* " paral- 
lactic angle " and it is introduced here because of the relation 
that it bears to the azimuth Z, when the star has reached a 
depression H, below the horizon, viz., 

Z=Zo±H tan q. 

In this equation the last term is always to be so applied 
as to bring Z nearer to the elevated pole than Zo is. 

In applying these formulae to find the assiuned point 
(see Form F below), we may take any desired latitude 
(usually the integral degree nearest to the D.R. latitude), 
and determine the corresponding longitude of the 
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assumed point and also the star's bearing Zo, as seen 
from this point. The following precepts apply. In the 
first column of the table the reference is to the positions 
of sh^) and star, on the same side or on opposite sides 
of the equator: 



HORIZON PRECEPTS 



Ship and Star. 


♦Bears. 


Longitude. 


Z Counts from. 


Same side 

Same side 

Opposite sides. . 
Opposite sides.. 


E 
W 
E 
W 


T-f-(i8o*»-To) 
T-(i8o**-To) 
T-f-To 
T-To 


Elevated pole 
Elevated pole 
Depressed pole 
Depressed pole 



26. To illustrate the relation of the spherical traverse 
table to these equations and precepts we take the follow- 
ing data from Notes on Navigation, U. S. Naval 
Academy, 1882, Par. 39. 

' April 3, 1882, at sea in Lat. (D.R.) 9** 48' N., Long. 
(D.R.) 50** 16' W. Watch time of setting of sim's 
lower limb, 6** 7" 29*, and of upper limb 6^ 11™ 01^, 
C-W=8'' 10" 12', C.C.= -4^ 49" 54', bearing by 
standard compass of sun's center, N. 99° 30' W.; and 
of ship's head E.; height of eye, 20 feet; barometa:, 
30.20 in.; thermometer, 75° F. The data furnished 
by the Nautical Almanac are. Declination =5° 32' N.; 
Equation of Time= —3™ 11'. It is assumed (Bow- 
ditch Tables) that, at the mean of the above times the 
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depression of the sun's center was 36' and we retain 
this result although the table in Section 24 gives 
r+5+£=38'. 

The reader should be able to fqllow the use of the above 
data in Form F: 

FORM F 





I. 


h 


a 
b 
c 
K 

Q 


*Lo 10^ 0' 


*Lo 10° 0' 
To 89 2 


Zo 84 23 

*d 5 32 

ff 10 3 


90°-g 79 57 
*9o**-(i 84 28 



In this computation the angle q is found in two differ- 
ent ways, in Columns i and 2, and the agreement between 
the two values may be regarded as a partial check upon 
the work with the tables. 

In accordance with the Horizon Precepts the com- 
putation subsequent to Form F is as follows: 



Observed Time 

C-W 

C.C. 

E 

T 


6^ 9°" 15^ 

8 10 12 

-4 49 54 
-0 3 II 

9 26 22 


T 

180** -To 
Longitude 


141 35 
90 58 

50 37 
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The assumed point is thus placed in latitude lo® o' N., 
longitude 50®, 37' W. As seen from this point the true 
altitude of the sun was 0° at the observed time 69 15 . 

The sun's true bearing as seen from this point was 
Zo= N. 84° 23' W. and to find the line of position we must 
shift from the " assumed point " in the direction 
S. 84° 23' E. a distance equal to the sun's depression, 
i.e., 36 miles as assumed above. 

27. A common method of determining azimuths for 

use in connection with observed compass bearings is 

put thus in Bowditch, Paragraphs 347-348. "When 

the center of the sun is at a distance above the horizon 

equal to its own diameter it is almost exactly on the 

true horizon; at such a time note its bearing by compass," 

etc. Instead of azimuth compute its amplitude by the 

formula 

sin Amp. = sec L sin d, 

a relation that obtains only at the true horizon. The 
Zq as found in Form F corresponds to the amplitude 
that would thus be determined and an observation 
made as prescribed above may be reduced by using the 
first column of Form F. Theoretically the exact lati- 
tude should be used instead of an L rounded off to the 
nearest degree. In the present case the substitution 
of the D.R. Lat., 9° 48' in place of L= 10® would not 
change Zo by a single minute and this stability is gen- 
erally true for values of Z approximating ±90°. 
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In the preceding example the true azimuth of the set- 
ting sun is to be found from the formula of § 24, viz.: 

Z=N. 84^ 23' W.-36'Xo.i77=N. 84** 1/ W. 

The small value of tan q by which the depression, 36', 
is here multiplied shows that the resulting bearing is 
very little affected by errors in H arising from refrac- 
tion or any other source. In the work from which the 
data are taken (cited above) the sun's azimuth is found 
by a logarithmic computation to be N. 84° 16' 48" W. 



Some Minor Considerations 

28. Whether a given observation shall be reduced 
with logarithms or through use of the spherical traverse 
table is largely a matter of taste or personal preference 
on the part of the computer. The logarithmic solution 
appears to give somewhat greater precision, e.g., frac- 
tions of a minute or even seconds in the computed 
altitude, but this gain is largely illusory since it is doubt- 
ful whether the observed altitude can be relied upon 
within a minute of arc. A chain is not much stronger 
than its weakest link. 

As respects time and labor involved in the reductions 
one method possesses, in general, little advantage 
over the other so far as computing the star's altitude 
is concerned. But the tables possess one marked 
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advantage in that they furnish the star's bearing as 
a by-product, with practically no additional labor, while 
with the logarithmic solution this bearing has to be 
independently computed or obtained by double or triple 
interpolation from rather cumbrous tables. 

Whatever method of reduction the navigator may 
adopt, both convenience and accuracy will be served 
by the adoption of convenient computing forms pre- 
pared in advance and rigorously adhered to. These 
forms should cover the preparation of the data given 
by sextant, almanac, etc., as well as the solution of 
the triangles. Special blanks for this purpose based 
upon the forms used in this book are issued by its pub- 
lishers in tablet form, and one of them showing the 
complete reduction of the observation of a planet is 
attached as a part of this book. 

The following explanations may help to an under- 
standing of the blanks: 

Reduction Blanks 

29. The lower part of the first page of the blank 
contains solutions, by logarithms and by the spherical 
traverse table, that closely follow the forms A, B, and 
D introduced in previous sections of this book. It is 
not expected that both of these solutions will be em- 
ployed for any given observation, but the computer 
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will make his choice of one and ignore the other. The 
symbols © 2) >|< printed above this part of the blank 
denote respectively the Sun, the Moon, and a Star or 
Planet. Their presence here shows that this part of 
the forpi is adapted to use and should be used for 
each and every one of the bodies indicated. As a guide 
to the computation see the Precepts on the opposite 
side of the form. 

The upper half of the first page contains prepara- 
tion of the data used in the lower half, and as this 
preparation is not the same for all celestial bodies, 
each column is marked with the symbol of the body which 
it serves. Thus, the first column under the heading 
xJbserved Data, relates to and must be filled up for every 
celestial body observed, since all three of the symbols 
appear over it. The second' column contains data to 
be taken from the Nautical Almanac, and the first 
half of this colunm must be used for every celestial 
body. The second half of the column must be filled 
up in reducing an observation of the moon or a star, 
but is to be omitted in observations of the sun, since 
the symbol, ©, does not appear here. The third 
column is devoted to computing the Greenwich and 
local hour angles of the observed body. The quan- 
tities required for the sim are named in their proper 
sequence in the column marked, For O . Those required 
for any other celestial body are similarly shown in 
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the column marked For }) :^. The numbers appro- 
priate to either case are to be entered in the middle 
column. 

The reverse side of the sheet contains a form, labeled 
Z or Check, that may be used for determining Z when 
the computation on the front page has been made 
by logarithms. When the spherical traverse table is 
used, Z is found from it and the blank on the second 
page may be ignored or used as a check upon the accu- 
racy of the preceding computation. The form marked 
Assumed Point contains the data for fixing the longitude 
and latitude of the assumed point, i.e., the place at 
which the body had the computed altitude and azi- 
muth, H, Z. See the Precepts given at the bottom 
of the form. 

The middle of the page contains a skeleton Mercator 
chart which may be used for plotting the line of position. 
It shows several meridians, separated by lo' intervals, 
which, when used, are to be so numbered that the 
longitude of the Assumed Point falls near the middle 
of the chart. The single parallel of latitude is that of 
the assumed point, which should be plotted upon it 
at the proper longitude, /. The margin of the chart 
contains a scale of degrees whidi may be used to plot 
any bearing that lies between N and E. Since the 
bearing of any celestial body and the corresponding 
Sumner line perpendicular to it, fix four directions, 
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each separated by a quadrant from its neighbors, at 
least one of these directions must lie between N and E, 
and thus come within the range of the degree scale, which 
may be used as follows: 

From the computed azimuth, Z, reckoned from N. 
through £., S., ana W., subtract the largest multiple 
of 90** contained in it and mark the resulting number 
on the degree scale. Join the point thus marked to 
the point 0, at the S.W. corner of the chart, and call 
this line A. Through the assumed point draw a per- 
pendicular to A and call it B. If in this process an 
odd multiple of 90° has been dropped from Z, the line 
B here represents the bearing of the star observed and 
A is parallel to the Sumner Line. If an even multiple 
of 90** has been dropped (or if nothing has been dropped) 
A is parallel to the bearing and B to the Sumner Line.* 

The position of the Sumner line on the chart will be 
found by shifting the proper line, A or B, parallel to 
itself until it passes at the appropriate distance from 
the assumed point, on the side toward the sun if the 
observed h is greater than the computed H, *on the 
side away from the sun ii his less than H. This appro- 
priate distance depends upon the difference between 

* Dropping the proper multiple of 90° is most easily done ^ 
by adding together the tens and hundreds digits in the azi- 
muth and prefixing their sum to the units figure, i.e. if 
Z = 2i6°, A = (2-fi), 6=36^ 
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h and H and also upon the latitude of the assumed point 
and may be found as follows: On the degree scale mark 
the latitude, L, of the assumed point and draw a line 
from it to the origin, O. In the illustration this is labeled 
Latitude Line. On each scale of minutes at the bottom 
of the chart (marked A— Scale) set off the value of 
h—lL in minutes and through the two points thus found 
draw the line designated in the illustration as the 
Altitude Line. The distance from the origin O to the 
intersection of the Altitude and Latitude Lines (01 in 
the figure) represents on the chart the appropriate 
distance of the Sumner Line from the assumed point. 
In the figure this distance is laid off along the line B 
toward the body observed since h is greater than H, 
and the Sumner Line is then drawn through the point 
thus found and parallel to A. 

If it be desired to find from the Sunmer Line the 
position of the ship corresponding to any assumed 
D.R. latitude or longitude, we have only to note the 
intersection of the Sumner Line with the given parallel 
or meridian. In the figure there is constructed by use 
of the h'Scale and Latitude Line a portion of the parallel 
of 43° 4', at a distance 0D=9' north of the assumed 
point. The Sumner Line intersects this parallel in 
Longitude 89° 23', which is the longitude of the ship 
corresponding to the D.R. latitude. 

If it be desired to plot two lines of position upon one 
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chart, for finding their intersection, it is best to let the 
parallel shown on the chart stand for the middle lati- 
tude of the two assumed points and draw for each as- 
sumed point its own parallel, using the method just 
indicated in connection with the p.R. latitude. K the 
chart proves to be not large enough for this construction, 
call the interval between consecutive meridians 20' 
and divide A— H by 2 to find the position of the altitude 
line. 
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